One of the fundamental principles in portfolio selection models is minimization of risk through diversification of the investment. This seems to require that in a given working universe, or market, the investment should be spread among all (or almost all) the available assets. Indeed, this is what some classical investment strategies, like Equally-Weighted portfolios, or more recent and refined ones, like Risk Parity, actually recommend.
Introduction
Since the start of Modern Portfolio Theory with the seminal Mean-Variance (MV) model of Harry Markowitz [31, 32] , the main aim of portfolio selection models was that of reducing the risk of an investment in the stock market through diversification while trying to achieve a satisfactory return.
However, it was soon realized that risk-return optimization can be very sensitive to changes in the inputs, due to errors in the estimates of the means and covariances of the assets returns, with the means being more crucial than the covariances (see, e.g., [5, 6, 12] ).
This remark leads to several alternative proposals to reduce risk through appropriate portfolio models that are robust with respect to estimation errors. In particular, Pflug et al. [37] show that when increasing the amount of portfolio model uncertainty, i.e. under their assumptions the degree of ambiguity on the distribution of the assets returns, then the optimal solution converges to the Equally-Weighted (EW) portfolio which includes all the assets of the market with equal weights.
Several methods are proposed in the literature to decrease the influence of estimation errors on portfolio selection. These include approaches developed in the area of statistics, such as shrinkage method [23, 24, 25, 27, 28] and Bayesian approaches (see, e.g., [3, 4, 29, 35, 36] ), robust optimization procedures [13, 20, 21, 40, 42] , Bayesian robust optimization [43] , robust estimation methods [16] , and a portfolio resampling method [34] .
Other approaches call for the addition of seemingly unnecessary constraints. Jagannathan and Ma [22] show that imposing no short-sale constraints to the the minimum variance model is equivalent to shrinking the covariance matrix and the resulting portfolios exhibit a good out-of-sample performance. DeMiguel et al. [14] impose a norm-constraint on the minimum-variance problem showing that [15, 22, 27, 28] are special cases of their approach. Our work fits into the latter type of strategies to mitigate the impact of the estimation and model errors on optimized portfolio weights. More precisely, we propose the use of cardinality constraints, which yield small portfolios, to obtain a better performance in practice. In other words, we show that for several well-known portfolio selection models a better out-of-sample performance can be attained by using only a (appropriately chosen) fraction of the available assets rather than by diversifying risk on all assets, as Risk Parity and other similar recent approaches seem to suggest [2, 11, 30] .
Note that apart from the improvement in performance, already hinted in [8] , there are several practical advantages in the use of small portfolios. Indeed, as observed in [9] , the management of a portfolio with a large number of assets, possibly with very small holdings for some of them, is clearly not desirable because of transactions costs, minimum lot sizes, complexity of management, or policy of the asset management companies.
In this work we analyze the impact of cardinality constraints on the out-of-sample performance of portfolios selected by several models: (i) a Cardinality Constrained Minimum Variance Equally-Weighted (CCMVEW) model; and the minimum risk versions of the following models described in [10] (ii) the Limited Asset Markowitz (LAM) model; (iii) the Limited Asset Semi-Mean Absolute Deviation (LASMAD) model; (iv) the Limited Asset Conditional Value-at-Risk (LACVaR) model.
We then compare the performances of the portfolios selected by these models with the unconstrained Equally-Weighted (EW) portfolio, which is claimed to be a hard-tobeat benchmark [15] , and it could be considered the best diversified portfolio at least in intuitive terms and in terms of invested capital.
The paper is organized as follows: Section 2 describes the models analyzed, that include a new Cardinality Constrained Minimum Variance Equally-Weighted (CCMVEW) model. In Section 3, we propose an extensive empirical analysis of the effect of cardinality constraints on the performances of portfolios obtained by the models on some new and on some publicly available benchmark data sets often used in the literature. More precisely, Section 3.2 describes the in-sample behavior of the models considered, while in Section 3.3 we compare the out-of-sample performance of the selected portfolios. Finally, in Section 4 we draw some conclusions and describe some issues left for future research.
The portfolio models
In this section we describe the models analyzed and we provide an integer or a mixedinteger linear or quadratic formulation for all of them.
We first need to introduce some notation. Let T + 1 be the length of the in-sample period used to estimate the inputs for the models. We use p it to denote the price of the i-th asset at time t,
the i-th asset return at time t, with t = 1, ..., T ; x is the vector whose components x i are the fractions of a given capital invested in asset i in the portfolio we are selecting. We assume that n assets are available in a market and, adopting linear returns, we have that
x i r it is the portfolio return at time t, with t = 1, ..., T . The n-dimensional vector µ is used to denote the expected returns of the n risky asset, while Σ denotes their covariance matrix, and u denotes an n-dimensional vector of ones.
The Equally-Weighted portfolio
The Equally-Weighted (EW) (also called naïve or uniform) portfolio is the one where the capital is equally distributed among the assets. In terms of relative weights we have x i = 1/n. Clearly the choice of the EW portfolio does not use any in-sample information nor involve any optimization approach. However, some authors claim that its practical out-of-sample performance is hard to beat on real world data sets [15] . We will use this portfolio as a benchmark to compare the performances of the portfolios selected by our models.
Cardinality Constrained Minimum Variance Equally-Weighted portfolios
As already said, the Equally-Weighted portfolio is the most robust choice when there is a great uncertainty about the distribution of the asset returns. However, this is not always the case, and a more restricted selection of the assets to include in the portfolio is often required both for practical and for theoretical reasons. We propose here the following new Cardinality Constrained Minimum Variance EquallyWeighted (CCMVEW) model that selects the best EW portfolio, in terms of in-sample variance, among those that use only a limited number K of all the assets available in the market.
This is probably the simplest cardinality constrained portfolio model and has the advantage of not requiring the problematic estimates of the assets expected returns. Furthermore, the effects of possible estimation errors of the covariance matrix Σ do not result in very large or small weights for some assets, but only influence the choice of the subset of selected assets in the portfolio.
From the optimization viewpoint, it falls into the class of pseudoBoolean Quadratic Programming problems which are known to be theoretically hard to solve in the worst case (NP-hard) [7] . However, due to its special structure, practical problems of this type with several hundreds variables can be actually solved fairly efficiently with available free or commercial codes.
Note that the vector x of weights of the optimal CCMVEW portfolio selected by model (1) is obtained as x = 1 K y.
Cardinality Constrained Minimum Variance portfolios
Another model that does not require the estimates of the assets expected returns is the extreme case of the Markowitz model where we only seek to minimize variance. Within our framework we thus consider the following Cardinality Constrained Minimum Variance (CCMV) model where only K assets are allowed in the selected portfolio
where y is an n-dimensional vector of binary variables used to select the assets to be included in the portfolio, x is the vector of portfolio weights, and ℓ is a minimum threshold for the weights of the selected assets which must be greater than zero (in our experiments we chose ℓ = 0.01). Without these thresholds, Problem (2) could generate portfolios with less than K assets, which is equivalent to replacing the constraint u T y = K with (2) is a Quadratic Mixed Integer Programming (QMIP) problem that falls again in the class of NP-hard problems. However, also in this case problems with a few hundred variables can be solved fairly efficiently with available free or commercial codes. Furthermore, a recently proposed [8, 9] specialized algorithm can solve problems of this type with up to two thousand variables.
Cardinality Constrained Minimum CVaR portfolios
The Cardinality Constrained Minimum CVaR (CCMCVaR) model is a minimum risk model like the previous one, but instead of variance it measures risk with Conditional Value-at-Risk at a specified significance level ϵ (CV aR ϵ ), namely the average of losses in the worst 100ϵ% of the cases [1] . In our analysis losses are defined as negative outcomes, and we set ϵ equal to 0.05. The CCMCVaR model can be written as follows:
where ℓ plays the same role as in (2) . As described in [39] , in the discrete case we have
where ζ ∈ R, [b] + = max{0, b}, and p t is the probability of the historical scenario of the portfolio losses l t = ∑ n i=1 −r it x i . We assume that all scenarios are equally likely, i.e., p t = 1/T . Furthermore, in order to linearize the objective function, we introduce T auxiliary variables d t that are defined as the deviations of the portfolio losses l t from ζ when l t > ζ, and 0 otherwise. Note that, under some assumptions, the optimal value of ζ in (4) coincides with V aR ϵ of the optimal portfolio x that minimizes CV aR ϵ (see, e.g., [17] ). Thus, Problem (3) can be reformulated as the following Mixed Integer Linear Programming (MILP) problem
Problem (5) has n+T +1 continuous variables, n binary variables and T +n+3 constraints. Some recent computational experiences reported in [10] on the solution of this model with state-of-the-art commercial solvers show that models with more than a few hundreds variables are hard to solve with general purpose solvers and would probably benefit from more specialized methods.
Cardinality Constrained Minimum Semi-MAD portfolios
The last risk measure that we take into account in our analysis is the downside Mean Semi-Absolute Deviation (Semi-MAD):
This is a concise version of the more famous Mean Absolute Deviation (MAD) risk measure, which is defined as the expected value of the absolute deviation of the portfolio return from its mean [26] . Indeed, Speranza [41] showed that Semi-MAD leads to a portfolio selection model that is equivalent to the MAD model, but with half the number of constraints. We thus consider the following Cardinality Constrained Minimum Semi-
where ℓ plays the same role as in (2) . As in [41] we linearize (6) by introducing T auxiliary variables z t defined as the deviation of the portfolio returns R t from its mean when R t < ∑ n i=1 µ i x i , and 0 otherwise. Hence, the CCMSMAD model can be re-written as the following MILP problem:
This problem has n + T continuous variables, n binary variables and n + T + 3 constraints. From the computational experiences reported in [10] it appears that also this model, although slightly easier than the previous one, cannot easily be solved with general purpose state-of-the-art solvers when more than a few hundreds variables are involved.
Empirical behavior of the models
In this section we test the models described above on some publicly available data sets. The analysis consists in investigating the behavior of the models both on the in-sample period, where we compute the optimal portfolio for a given model, and on the out-of-sample period, where we examine the performance of the chosen portfolio. Furthermore, since the markets are in continuous evolution, it seems appropriate to rebalance the portfolio from time to time in order to take new information into account. For this purpose, we use a Rolling Time Window procedure (RTW), i.e., we shift the in-sample window (and consequently the out-of-sample window) all over the time length of each data set. More specifically, we consider a time window (in-sample period) of 200 observations for the data sets with weekly frequency, and of 120 observations for the data sets with monthly frequency. Then we solve the problem for overlapping windows built by moving forward in time with step size 4 (for the weekly data sets) or 1 (for the monthly data sets). The optimal portfolio found w.r.t. an in-sample period is held for the following 4 weeks (outof-sample period of the weekly data sets) or 1 month (out-of-sample period of the monthly data sets).
The performances of the resulting portfolios are evaluated in different ways by computing some performance measures commonly used in the literature [38] . Let x * = (x * 1 , . . . , x * n ) denote the allocation of the selected portfolio and r t = (r 1t , . . . , r nt ) denote the assets returns at time t. Then, in our analysis we consider:
• the Standard Deviation of the selected portfolio return;
• the Sharpe Ratio as
, where r f = 0;
• the Rachev Ratio as
, where r f = 0 and α = β = 0.1;
• the Max Drawdown as − min x * r ′ t which is the maximum loss achieved by a portfolio during the holding period.
Data
In our analysis we use the following six data sets: The monthly data sets (FF25, 48Ind, 100Ind) are taken from Ken French's website http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html. The weekly data sets (Ftse100, FtseMib, Stoxx50) are downloaded from http://finance.yahoo.com, and they contain weekly price data adjusted for dividends. Stocks with more than two consecutive missing values are disregarded. The individual missing values of the stocks were interpolated. We have made the weekly data sets publicly available on the web site http://host.uniroma3.it/docenti/cesarone/DataSets.htm.
In-sample analysis
We provide here an in-sample analysis of the portfolios obtained with the models described in Section 2. For each model we study the behavior of the objective function and the volatility of the optimal portfolio when varying the number K of assets in the portfolio. One of our main empirical findings is the scarce effect of diversification in terms of performance when cardinality does not belong to a certain range of values. Indeed, in all the markets analyzed, we find that the standard deviation achieves a minimum for a range of portfolio cardinalities corresponding to a significantly limited number of assets w.r.t. the total number of available assets. Furthermore, the standard deviation tends to increase with the cardinality of the portfolio. In Figs. 1 and 2 we report some empir- ical evidences of this phenomenon for a monthly data set (48Ind) and for a weekly one (Stoxx50), respectively. However, this behavior is similar for each data set considered.
Our results should be compared to a well-known experiment of Fama [18] , where he finds that, in a market with 50 stocks, the effect of diversification determines a remarkable reduction of the portfolio in-sample standard deviation, but only when including in the portfolio up to 20 stocks. Indeed, he observes that adding further stocks in the portfolio does not yield a considerable improvement. More precisely, he claims that approximately 95% of the possible reduction deriving from diversification is achieved passing from 1 to 20 assets. Fig.1a exhibits the boxplots of the standard deviations of CCMV porfolios, namely those obtained from model (2), for each in-sample period analyzed by varying the cardinality K. This means that, in the case of the 48Ind data set, for a fixed K we have 377 values of standard deviation, one for each rebalacing of the portfolio. In order to display in a synthetic way the same results for each portfolio model considered, we report in Fig.1b the median of the standard deviations for each boxplot corresponding to a fixed K. Note that the highest median value of the in-sample standard deviations is the one relative to the EW portfolios, namely the value on the dotted line corresponding to K = n, where n is the number of assets in the market. Fig.2a shows the boxplots of the standard deviations of CCMVEW porfolios, namely those obtained from model (1), for each in-sample period by varying the cardinality K. Then in the case of the Stoxx50 data set for a fixed K we have 32 values of standard deviation, one for each rebalacing of the portfolio. In Fig.2b we provide the median of the standard deviations for each boxplot corresponding to a fixed K. Again, the highest median value of the in-sample standard deviation is the one obtained by the EW portfolios, namely the value on the dotted line corresponding to K = n. This feature is common to all data sets, and it suggests that a greater diversification does not always imply a better performance of the in-sample standard deviation. Thus, using more stocks in the portfolio could worsen its in-sample performance in terms of standard deviation. However, the most significant result emerging from the in-sample analysis is the existence of a cardinality range (whose location depends on the number of assets for each market) where one can generally find the lowest values of the standard deviation for all the models considered.
Out-of-sample analysis
In this section we compare the out-of-sample performance of the portfolios examined. Since empirical and theoretical studies show that Equally-Weighted strategy is hard to outperform and that in many situations the investors tends to use it, we consider the EW portfolio as a benchmark. Recall that this portfolio does not require any estimation or optimization procedure.
As described above, we use several performance measures to compare the portfolios in the context of the Rolling Time Window procedure. First, we verify that the behavior of the in-sample standard deviation is quite similar to that of the out-of-sample standard deviation. Indeed, this performance measure decreases until it reaches a minimum for some small cardinality, then it increases with different growth rates (depending on the approach considered). In Figs. 3 and 4 we report the out-of-sample analysis for a monthly data set (48Ind) and for a weekly one (Stoxx50), respectively. Figs. 3a and 4a exhibit the standard deviation of the out-of-sample portfolios returns depending on the cardinality K required in the models. Note that, in the case of the 48Ind data set, for a fixed K we have 377 values of the out-of-sample return, one for each portfolio rebalancing, while for Stoxx50 data set for each K we obtain 128 out-of-sample returns resulting from 32 rebalancings and a holding period of 4 weeks for each rebalancing. In Figs. 3b and 4b we show for the same data sets two other performance measures, namely the Sharpe and Rachev ratios. We point out that each model provides the best performance values for small cardinalities, and the portfolio performance typically decays when K approaches n. This behavior supports the idea that it is possible to improve the performance by limiting the number of assets in a portfolio.
In addition to the graphical evidence, where only the most representative results are Table 1 : Standard Deviation of the out-of-sample returns.
shown, we also performed an extensive comparative analysis on all data sets considered. Since reporting the results for all data sets and for all cardinality is impractical, we report here the out-of-sample analysis for two fixed cardinalities: K = 5 and K = 10. This choice is based on the observation that K = 5, 10 generally belong to the optimal ranges in which the various models achieve the in-sample lowest risk for each data set. In Table  1 we provide the standard deviation of the out-of-sample returns for K = 5, 10 for each model and data set analyzed. It is remarkable that the EW portfolio has almost always the worst performance, with the single exception of the 100Ind market, where the CCMCVaR portfolios generate the highest standard deviation. In Table 2 we report the Sharpe ratio of the out-of-sample returns for the same cardinalities of the previous table and for each model and data set analyzed. Note that when the portfolio excess return is negative some gain-to-risk ratios have no meaning, thus we report "-". Again we observe that the EW portfolio yields the worst performances compared with those of the other models, with Table 3 : Rachev Ratio of the out-of-sample returns.
the exception of the CCMCVaR portfolios for the 100Ind and FF25 markets. Similar considerations can be made about the Rachev Ratio of the out-of-sample returns. Indeed, again the EW portfolio is the worst choice, with the only exception of the 100Ind data set. We also observe that for K = 10 the CCMV model seems to be preferable since it provides the best results for 4 data sets out of 6. The last performance measure considered in our analysis is Max drawdown, which is the worst out-of-sample loss achieved by a model, as described in Section 3. Table 4 shows that, again, the EW portfolio always has the worst performance for both of the considered cardinalities, except for the 100Ind market where the CCMCVaR portfolios provide the worst loss. On the other hand, although there is not a clear superiority of a single model, we observe that the CCMV portfolios present the best values for 3 data sets out of 6 for K = 5 and for 4 data sets out of 6 for K = 10. Table 4 : Max drawdown of the out-of-sample returns.
Conclusions
The concept of diversification is not well-defined and the measures of diversification are continuously evolving (see, e.g., [19, 33] and references therein). However, in the asset management the qualitative idea of diversification is to not overly concentrate the investments in very few stocks. Indeed, the role of diversification is to reduce risk by selecting a portfolio with a large number of stocks. In this work we investigated the possible benefits and disadvantages of diversification in terms of performance with respect to several portfolio selection models. Our empirical results show that in most cases, limiting the number of allowed assets in a portfolio improves the performance of the portfolios selected by the models. We might call this a "small portfolio effect". These results are somewhat in line with the tendency described by DeMiguel et al. [14] , where an improved out-of-sample performance is often observed for the norm-constrained minimum-variance portfolios. Indeed, in our approach we require that the number of nonzero elements in the vector x of portfolio weights, i.e., supp(x), is equal to a prefixed value K. However, supp(x) (also called the 0-norm of x, even though it is not a true norm since it is not homogeneous) is the limit of the p-norm for p → 0 and is often approximated with the 1-norm. Thus the same arguments of DeMiguel et al. [14] , where the authors limit the 1-norm or the 2-norm of x by an appropriate parameter δ, could be used to justify the improved performance of the cardinality (or 0-norm) constrained models. Further studies are needed to investigate the validity of this small portfolio effect in other models and in larger markets.
